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The terminal velocities of spheres falling in aqueous solutions of hydroxyethyl cellulose and

polyethylene oxide were determined with ruby and steel spheres.

For each sphere the

terminal velocity was obtained in seven cylinder sizes covering a range of sphere-to-cylinder
diameter ratio from 0.0067 to 0.18. The dato were used in an extropolation to correct for the
cylindrical wall effect. Several alternative extrapolation procedures for estimating the zero
shear viscosity were attempted and the results were compared. An empirical correlation for the
drag coefficient was developed in terms of the Ellis parameters of the fluids, and the Faxén
wall correction for Newtonian flow. The correlation gives the drag coefficient within 4% for

all cases in which the quantity 1ovi/Dv1/2 is less than 0.3.

NEWTONIAN FLOW PAST A SPHERE

The drag force exerted on a sphere of radius R resulting
from the flow past it of an unbounded incompressible New-
tonian fluid of viscosity =, and approach velocity v, is
given by Stokes™ law (12):

FS = 67T7]onao (1)

Equation (1) is strictly valid in the so-called creeping flow
region in which the Reynolds number, N, = 2Rv.p/7.,
is less than about 0.1. Extensions of Stokes’ solution to
higher Ng. have been presented by Oseen (16), by Gold-
stein (7), and by Proudman and Pearson (17). The drag
force expression obtained by Proudman and Pearson is

3
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Oseen’s approximation is represented by taking the terms
up to and including Ng, in Equation (2), whereas Gold-
stein’s solution, purportedly an extension of Oseen’s ap-
proximation, does not include the logarithmic term. These
solutions are classified as the low Reynolds number flow
approximations to the Navier-Stokes equations, and they
possess certain interesting features, some of which have
been discussed by Chester (4) (with regard to the Oseen
approximation) and also by Proudman and Pearson (17).

Corrections to Stokes’ equation to account for the effect
of the cylindrical wall of the fluid container have been
presented by Ladenburg (11) and by Faxén (5). Faxén’s
result, whicK extends the range of the correction to higher
values of sphere-to-cylinder ratio (D/D.), and has been

subjected to adequate experimental verification by Bacon
(1), is

F=Fs/[1—2.104(§c)
+ 2.09 (-DPC—)3 —0.95 (—I-?c—)s + ... ] (3)

According to Bacon the Faxén wall correction is valid up
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to (D/D;) = 0.32. Ladenburg (11) has also presented a
correction for the effect of the bottom of the cylinder. This
correction, based on the solution for a sphere falling in an
infinite fluid bounded at the bottom by an infinite flat
plate, appears to overestimate the bottom correction. More
recently, Tanner (24) carried out a numerical calculation
in which the effects of both the cylindrical wall and the
bottom of the container were taken into account. He found
that the top and bottom corrections are negligible, pro-
vided the sphere is at least one cylinder radius away from
either end. These conclusions are corroborated by experi-
mental evidence and, consequently, the need for a top and
bottom correction can be eliminated by appropriate de-
sign of the falling-sphere system.

Many other studies on the flow of Newtonian fluids past
a sphere have been reported. These have been reviewed
(8, 13) and will not be discussed inasmuch as the results
are not employed in the present study.

NON-NEWTONIAN FLOW PAST A SPHERE

Reported studies on non-Newtonian flow past a sphere
include solutions based on perturbation procedures, solu-
tions based on varjational schemes, and empirical correla-
tions and associated experimental studies.

Solutions Based on Perturbation Procedures

A perturbation approximation for the flow of a Reiner-
Rivlin-Prager fluid past a sphere was obtained by Rathna
(18), who assumedP that the viscosity and the cross viscos-
ity are constant. The rheological model subject to these
restrictions is inadequate in describing non-Newtonian be-
havior, and, moreover, the restriction of constant cross
viscosity could, as indicated by Leigh (14), result in a
flow which violates the second law of thermodynamics.
Leslie (15) used the Oldroyd model for the rheological
equation of the fluid. The main drawback in this result
is that the Oldroyd model fails to give a sufficiently quan-
titative description of non-Newtonian behavior, although
it does describe non-Newtonian, normal stress, and other
effects qualitatively. Caswell and Schwarz (3) presented
the perturbation approximation for the Rivlin-Ericksen
fluid. These authors obtained what might be termed the
equivalent of the Oseen solution for a Rivlin-Ericksen
fluid. The material constants in this rheological model can-
not be determined by viscometric data alone, and this
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solution has not yet been compared with experiment.

Solutions Based on Variational Procedures

Ziegenhagen et al. (31) obtained an approximation to
the drag force for the slow flow of a truncated power
series fluid. The rheological model used is, bowever, quite
unrealistic. Tomita (26) obtained a first approximation to
the drag force exerted on a sphere by a power law fluid,
and Slattery (21) extended this result and also obtained
the first approximation for the Sisko model. Both the
power law and the Sisko models are inadequate in the
region of low shear since they predict an infinite viscosity
in the limit of zero shear. Wasserman and Slattery (29)
used the minimum and its reciprocal maximum variational
principles that had been proposed by Johnson (9, 10) to
obtain lower and upper bounds for the drag coefficieut for
creeping power law flow past a sphere. Both the approxi-
mate solutions of Tomita (26) and of Slattery (21) and
also available experimental data of Slattery (22) fell out-
side these bounds. It is not known, however, whether the
entirely unsatisfactory results of this comparison are due
to the inadequacy of the rheological model or to the in-
adequacy of the experimental results, or, in fact, to both.
Ziegenhagen (32) used a variational method together
with numerical calculations to obtain the correction to
the drag force due to the creeping flow of a Powell-Eyring
fluid past a sphere. The Powell-Eyring model seems to
descrige the viscosity-shear rate behavior of a small class
of fluids which exhibit non-Newtonian behavior at only
moderately high shear. Falling sphere data on the few
such fluids encountered in the experimental study carried
out by Turian (27) indicate that the results for New-
tonian flow are entirely adequate. Foster and Slattery (6)
used a variational method to obtain the approximation to
the drag force for the Reiner-Rivlin-Prager fluid with
constant viscosity and cross viscosity. This is the same
model used by Rathna (I8) in his perturbation scheme,
and the solution is therefore subject to the same objec-
tions, namely, that the model is inadequate and objection-
able on the basis of the second law of thermmodynamics.

Empirical Correlations and Associated Experimental Studies

Slattery (22, 23) corrclated experimentally measured
drag coeflicients for aqueous sodium carboxymethyl cellu-
lose (CMC) flow past spheres by means of the Ellis
model. In obtaining his correlations Slattery assumed that
the cylindrical wall effect is negligible. Tanner (25) ob-
tained experimental falling-sphere data on a single fluid
using three different cylinder diameters and found that
the wall effect was important. This is also borne out by
the results reported herein. Other studies include the re-
cent empirical correlation by Valentik and Whitmore (28)
on spheres falling in flocculated China clay suspensions
which are known to behave like Bingham plastics possess-
ing a yield stress.

EXPERIMENTAL INVESTIGATION

For the experimental falling-sphere investigation reported
here, aqueous solutions of commercial high molecular weight
hydroxyethylcelluse (HEC) (Natrosol-250, type H, Hercules
Powder Company) and polyethylene oxide (PEO) (Polyox
WSR-301, Union Carbide) were used. The concentrations for
the HEC solutions were 1.0 and 1.25% by weight and those
for the PEO solutions were 1.0 and 2.0% by weight. Each
of these four solutions was investigated at 20° and 30°C., in
effect, resulting in cight non-Newtonian solutions.®

The falling-sphere apparatus used consisted of seven cyl-
inders of different inside diameters, and of several sizes of
ruby and steel spheres. Cylinder diameters and sphere densities
and diameters are given in Table 1. The overall length of

° A complete listing of all experimental data relating to this work
can be found in Appendix A of reference 27.

Page 1000

AIChE Journal

TasLE 1. FALLING-SPHERE APPARATUS USED

Cylinders:

1.74, 2.66, 3.69, 4.72, 5.32, 7.50, 9.51
about 25.4

two 5-c¢m. sections

Diameters, cm.:
Overall length, cm.:
Fall distances:

Spheres:

Ruby sphere diameters, 0.06350, 0.07620, 0.10000, 0.158735
cm.;

Ruby sphere density,
g./ce.:

Steel sphere diameters,
cnu:

Steel sphere density,
g./cc.:

3.980
0.15875, 0.31750
7.7943, 7.7552

each cylinder was about 254 c¢m., and only about a 10-cm.
section in the middle portion of each cylinder was used for
determination of fall velocities. The fall distance for each
cvlinder was divided into two approximately equal (about 5
em.) sections, and for each sphere the fall velocity was de-
termined in the two sections to ensure attainment of terminal
velocity. Cylinder diameters and fall distances were accurate
to within less than 1%. All ruby spheres had a diameter toler-
ance of 0.00003 in. and a sphericity of 0.00001 in. The steel
spheres were precision ball bearings with a diameter tolerance
of 0.00001 in. All spheres were checked for uniformity of
density by weighing batches containing different numbers of
spheres of cach size. The accuracy of the measured fall
velocities varies depending upon the speed of the sphere, but
is estimated to be within 4%, with most having accuracies
within about 2%.

The shear stress-shear rate dependence of each solution was
determined with a cone-and-plate viscometer following the
procedure recommended by Biery and Huppler (2). The es-
timated accuracy of these measurements is about 3%.

THE CYLINDRICAL WALL CORRECTION

The measured terminal velocities can be corrected for
the cylinder wall effect by extrapolation of plots of v, vs.
(1/D.) to (1/D.) = 0 for each sphere. Such a plot of
the measured terminal velocities for solution 4, 1.09%
aqueous HEC at 20°C., is shown in Figure 1. Plots for
the other seven non-Newtonian solutions investigated were
more or less similar to the one shown in Figure 1. For each
sphere it was possible to draw straight lines through the
data points to obtain the velocity v, corrected to infinite
cylinder diameter. Examination of the ¢, vs. 1/D. plots
for the eight non-Newtonian solutions investigatedp re-
vealed two important aspects of this type of flow. First, if
the range of cylinder diameters used in an assessment of
the wall effect is narrow, then it is entirely possible that
the wall effect may be obscured by the usual experimental
scatter of the data. This appears to be why Slattery (22,
23), using three cylinder diameters (4, 5, and 6 in.),
concluded that the wall effect was unimportant. On the
other hand, in the present investigation the range of cylin-
der diameters was 1.74 cm. = D, = 9.51 cm., and the
measured terminal velocities show a definite discernible
trend with cylinder diameter. Second, the relationship
between (v,/v,) and (D/D.) was found to be of the
following type:

v/v. =1—A(D/D,) (4)

The coefficient A depends on the particular non-New-
tonian solution and also on the particular sphere used. For
solution 4, 1.09, aqueous HEC at 20°C.,, the fall veloci-
ties for all four ruby spheres could be described by Equa-
tion (4) with a maximum deviation of = 19, with A =
1.94, whereas the fall velocities for the two steel spheres
were described with a maximum deviation of + 2.8¢,
with A = 1.60. For all solutions investigated, the coeffi-
cient A varied between the values of 1.15 and 2.35, and,
moreover, the fit of the data was better when A was cal-
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culated for each individual sphere. Over the range of
sphere-to-cylinder diameter ratio investigated, 0.0067 =
D/D, = 0.182, the Faxén wall correction can be ade-
quately represented by the first two terms, that is, the
third- and fifth-order terms in (D/D.) are negligible.
Consequently, we compare the Faxén correction in the
form fqg = 1 — 2.104 {D/D.) with Equation (4). In
general, the coefficient A in Equation (4) was found to
differ from the value 2.104 for all solutions and all spheres,
and for any given solution the difference was larger as
the sphere diameter and/or density was increased, t%lat is,
as non-Newtonian effects became relatively more im-
portant. However, the difference between Equation (4)
and the Faxén wall correction can be made as small as
desired by either choosing very small and light spheres so
sphere velocities are very small or by maintaining the
value of (D/D.) very small. In the former case, the value
of A seems to approach 2.104, whereas in the latter the
wall correction itself becomes negligible. We conclude,
therefore, that the unrestricted use of the Faxén wall cor-
rection with non-Newtonian fluids is inappropriate, and
also that a definitive assessment of the possible existence
of a wall effect requires the use of a wige range of cylin-
der diameters. Sato et al. (20), using a large number of
steel spheres with a polybutadiene and a polyisoprene-
toluene solution in several cylinder diameters, also found
that the Faxén correction was inadequate under general
conditions.

EXTRAPOLATION PROCEDURES FOR THE ZERO-SHEAR
VISCOSITY )

In this section we compare values of the zero shear vis-
cosity m, obtained by several extrapolation procedures.
Because falling-sphere data are usually taken in a single
cylinder diameter, whereby the Faxén wall correction must
be used, the comparisons presented here will include pro-
cedures which utilize the Faxén correction also. Such a
comparison will represent an additional test of the utility
and limitations of the Faxén correction.

Extrapolation of In 15 vs. {ngv, /D) to
(nsv,/D) = 0

In terms of the velocities v, corrected for the wall ef-
fect by extrapolation to 1/D. = 0, we define the quanti-
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Fig. 1. Measured terminal velocity of sphere vs. reciprocal of cyl-
inder diameter for 1.0% hydroxethyl cellulose in water.
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=g (ps—p) o (5)
and
Vo _ 8 (,
"5 =18 (ps—p)D (6)

The quantities 5; and (%0./D) have units of viscosity
and shear stress, respectively. For Newtonian fluids in
creeping flow, the quantity 5, would be the viscosity of
the fluid as calculated from Stokes solution, while the
quantity (7sv./D) is related to the square root of the
maximum or average value over the sphere surface of
the second invariant of the shear stress tensor, with suit-
able numerical coefficients in each case. For non-New-
tonian fluids, on the other hand, these two quantities can-
not be interpreted as the viscosity and corresponding shear
stress. However, since they are experimentally determined
independent variables, we plot In %, vs. (9s0./D). These
plots for all eight non-Newtonian solutions are shown in
Figure 2. We note here that for the two least viscous
fluids, solutions 1 and 2, accurate fall velocity data with
the steel spheres could not be obtained, while for the next
more viscous fluid, solution 3, only the smaller of the two
steel spheres could be used. For all remaining solutions,
however, all the ruby and steel spheres were used. It is
clear from Figure 2 that the relation between =5 and
(9sve/D) is of the form

log ("70/"]8) = E("Isum/D) (7

with E a positive constant characteristic of the particular
non-Newtonian solution, and =, the value of 4; obtained
by extrapolating the plots in Figure 2 to (ms./D) = 0.
The values of 7, for each solution obtained by this method
of extrapolation are listed in column 1 of Table 2. These
will be compared with 5, values obtained by the other
extrapolation procedures presented below. The magnitude
of E is a measure of how non-Newtonian the particular
solution is. We observe that E is larger for the polyethyl-

Page 1001



ene oxide solutions, 1, 2, 7 and 8, even though for solu-
tions 7 and 8 the sphere velocities were lower than the
corresponding ones for the remaining six solutions.

Extropolation Based on Analytical Solutions for Flow Past a
Sphere

The drag force for the creeping flow past a sphere of a
Rivlin-Ericksen fluid of infinite extent is given by Caswell
and Schwarz (3):

3 Dpv, 54703
F=3nD~qovm(1+— i ) it
16 % D
| 2
{4.5278 (1 + 2.45285’—2) ( 1+ ﬁ) 9
$3 $3 Mo

+ 3.0984 (¢ + ¢s) — 5.6160¢4 — 1.0296¢5} (8)

In this equation #, is the zero shear viscosity and ¢; are
material parameters, which, within the order of approxi-
mation involved in deriving this result, are constant for a
given fluid. Consequently, we can take the coeflicient of
the term (v.3/D) on the right-hand side as a constant.
Furthermore, if we substitute the value 1/6xD3(ps — p)g
for F, and divide the resulting equation by 3xDv., we get
the expression tor the quantity we have designated by =,
g D2 3 V2

== (ps—p) -;:—no-l-fépDUm +Co ()
in which C is a constant for a given fluid. From Equation
(9) we note that, if falling-sphere data have been ob-
tained at sufficiently low values of v, for the approxima-

3
tion to be valid, the plot of ( ﬂS_EPDUm) against

7L SOLUTION No. I 10% PEO AT 30°C
6 1 1 1 L L 1
°6 [ 2 3 q 5 5 7
2

Q

w

i

=

(8]

~

=

e

S

2

ole 23} SOLUTION No.3: 0% HEC AT 30°C

1

tn

355

o] 0 03 04 05 086 07
{V3/D?),SEC"2

3
Fig. 3a. (ns — o oDv.)) aguinst (v2,/D2) for solutions 1 to 4.
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Fig. 3b. (ns — _TG_ pDv.) against (v2,/D2) for solutions 5 to 8.

(v,2/D?) should define straight lines which should inter-
cept the (v.2/D?) = 0 axes at ns = 7.

We present in Figures 3a and 3b the plots of ("73 —

3
T pDDm) against (v,2/D?) for all eight solutions investi-

gated. The values of 4, obtained from these plots are given
in column 2 of Table 2. A few remarks regarding the plots
in Figures 3a and 3b are:

1. These plots do define straight lines for each of the
eight solutions investigated. For solutions 1 through 5 the
data for the three smallest ruby spheres are employed to
define the straight lines, while for solutions 6 through 8
the data for the four smallest spheres (ruby) are em-
ployed.

2. None of the data points which are used to define the
straight lines in Figures 3a and 3b deviates from the
value at the straight line by more than the estimated ex-
perimental error of the data.

3. The computed Reynolds numbers (Dpv./n,) for the
data points used in defining the straight lines in Figures
3a and 3b ranged between a high of 3.5 X 1073 down to
a low of 4.0 X 1077

Comparison of the values of 4, in column 2 of Table 2
with those of column 1 shows that there is rather close
agreement, with the exception of the values for solutions
1 and 2 for which the relative difference is somewhat
larger. One can attribute this difference, in part, to the
fact that for these two least viscous solutions the falling-
sphere data were of somewhat lower accuracy and, more-
over, because of the smaller magnitude of the 5, value,
errors introduced by extrapolation will be relatively more
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TABLE 2. ZERO-SHEAR ViscosITIES OBTAINED
BY EXTRAPOLATION

Solu- TNo, Poise

tion 1 2 3 4
1 108% PEO at30°C. 8.37 7.25 7.95 8.29
2 10% PEOat20°C. 13.0 11.5 12.7 13.3
3 10% HEC at30°C. 232 22.8 23.3 23.4
4 1.0% HECat20°C. 414 40.6 41.4 41.8
5 125% HECat30°C. 62.0 61.5 62.6 63.6
6 125% HECat20°C. 113.0 1100 113.6 1134
7 20% PEO at 30°C. 212.0 204.0 2104 2102
8 2.0% PEOat20°C. 332.0 3200 3294 3313
1. Extrapolation of log (m)svs. (ns v</D) to (ns v=/D) = 0.
2. Extrapolation of (7s — EEJDv‘) vs. {v=¥/D2) to {v=¥/D?) = 0.
3. Extrapolation of 7s vs. (D/Dc) to (D/De) = 0,
4, Extrapolation of log (%s’ fa) vs. (5" w¢/D) to {n’0¢/D) = 0.

important. It might be added here that for the six data
points used in defining the straight lines for solutions 1
and 2 the Reynolds numbers ranged between 3.5 x 1073
to 3.3 X 10~ The Reynolds numbers for the data points
used in defining the straight lines for solutions 3 through
8, on the other hand, ranged between 3.4 X 10=% and
4.0 X 1077, Thus, the data points for solutions 1 and 2
correspond to a Reynolds number range which is higher
than that for the data points for solutions 3 through 8.

Over a narrow range of shear stress near the value 7,,
it seems reasonable to assume that the Rivlin-Ericksen
model will describe the rheological behavior of the fluids
investigated here. The fact that it is possible to obtain
straight lines in Figures 3¢ and 3b is an indication that
falling-sphere data at sufficiently low values of v, to esti-
mate 1, have been obtained in the present investigation.
It should further be mentioned that one could have used
Leslie’s (15) expression for the drag force for the type
of extrapolation carried out in this section, because his ex-
pression also contains a (v.3/D) non-Newtonian contribu-
tion term to the drag force, This, despite the fact that
Leslie’s result does not contain the (3/16)(Dpv./n,),
Oseen correction term contained in the Caswell and
Schwarz result. The magnitude of this term is negligibly
small for all the data points shown in Figures 3a and 3b.
Consequently, the comparison of experiment and theory
presented in this section also shows that non-Newtonian
effects become important at sphere velocities which are
considerably lower than those for which inertial effects are
also important. Perhaps this might also explain the rela-
tively larger deviations of the extrapolated values of 4, for
solutions 1 and 2. Obviously, non-Newtonjan effects place
a more severe restriction on the range of applicability of
Equation (8) than does the creeping flow restriction, at
least for the non-Newtonian fluids under consideration
here. Of course, the comparison presented here does not
purport to be a test of the Rivlin-Ericksen model or the
range of applicability of the result in Equation (8). A
critical test of this sort must await the availability of data
sufficient for an independent evaluation of the material
constants in the equation. Nonetheless, the flow past a
sphere itself represents an additional method for the de-
termination of some of the rheological parameters them-
selves. This is important since the material parameters
contained in Equation (8) cannot be determined inde-
pendently from one-dimensional viscometric flow experi-
ments alone.

Extrapolotion Procedures with the Faxen Wall Correction

It will be useful to determine the zero shear viscosities
when the wall effect is accounted for by the Faxén cor-
rection, because most falling sphere data are taken in a
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single cylinder diameter whereby a procedure of this sort
is inevitable. To describe the extrapolations in this seetion
we define the quantities

g D2
s’:—-q s—- ———— 10
=13 (ps—p) o (10)
D D \3 D \*
=121 ( ) 2‘09(_) — 0.9 (._.)
fa 04 D, + D 0.95 D
(11)

We note that #,’ is defined in terms of the actual mea-
sured terminal velocity v;, and fg is the Faxén wall cor-
rection.

In terms of %" and f; defined by Equations (10) and
(11), respectively, the following two extrapolation pro-
cedwres are attempted for determining 7,:

1. Plot (9/fq) vs. (D/D.), extrapolate to {(D/D.) =
0, and average the extrapolated values for the dif-
ferent cylinder diameters to get 7, (Figure 4 and
column 3 in Table 2).

2. Plot log (9sfa) vs. (ns'vs/D), and extrapolare to
(nsv1/D) = 0 to get n, (Figure 5 and column 4 in
Table 2).

Extrapolation 1 is a linear plot of (ns'fs) against
(D/D.). Figure 4 represents sucIl)1 a plot for solution 4,
1.0% aqueous HEC at 20°C. Clearly, in such a plot there
is a dependence on cylinder diameter. However, the val-
ues of the intercept at (D/D,.) = 0 for all solutions do not
show any trend with cylinder diameter, and for any given
solution the », values obtained by extrapolating (7sfa)
vs. (D/D;) to (D/D.) = 0 for each cylinder diameter
agreed with the average for all seven cylinders by well
within the experimental accuracy of 3%. The values of %,
listed in column 3 of Table 2 represent for each salution
the average for seven cylinder diameters. Comparison of
columns 1, 2, and 3 shows that there is rather close agree-
ment in extrapolated values of 4, The extrapolation in
Figure 4 represents an essentially different procedure from
the two previously discussed. The main cfisadvantage of
the extrapolation procedure in Figure 4 is that it must be
used with spheres of the same density. Therefore the plots
in Figure 4 are only for the ruby spheres, the (%:Fq)
values for the steel spheres being smaller compared with
those of the ruby spheres of the same (D/D.). Data were
taken using onf;/ two steel sphere sizes; consequently,
these cannot be used in this type of extrapolation, particu-
larly since the smallest steel sphere diameter was equal
to the largest ruby sphere diameter (1/16 in.) used.
The extrapolation of log (ns/fs) against (9s'v:/D) to
(nsve/D) = 0 is shown in Figure 5 for solution 4. The

1.0% AQUEOUS HEC AT 20°C
CYLINDER DIAMETER, CM

L ——————— o]
66 —==----- ?
40 9 - S
w472 = Rl
2 532 ----—- -6
e 750 ————— —e
38k YRNN N N 951 ’
361
34 I - 1 | L
0 002 004 006 008 ald o12

{D/D,)

Fig. 4. nsfq vs. (D/Dc) for 1.09% hydroxyethyl cellulose. Only the
data on ruby spheres are plotted.
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Fig. 5. log (nsfa) vs. (nsve/D) for 1.0% hydroxyethyl cellulose. Plot
consists of forty-two data points, many of which overlap for small

(msvt/D).

essential difference between this plot and the one shown
in Figure 2 is that in Figure 5 the wall cotrection is ac-
complished by means of the Faxén correction. The values
of, (9s0./D) and (nsvs/D) are the same, since they are
both equal to g/18 (p;— p) D. However, the inadequacy
of the Faxén correction as the value of (%s’v:/D) becomes
large is clearly shown in Figure 5. There are forty-two
data points in Figure 5, but there is considerable overlap
for the three smallest ruby spheres. In order to obtain =,
by extrapolation of Figure 5 the data points corresponding
to these three smallest spheres must be favored consider-
ably more heavily than in Figure 2, where it is possible
to incorporate the data on all of the spheres in the extrap-
olation. The 7, values obtained by the extrapolation of
Figure 5 are listed in column 4 of Table 2.

In concluding this section on extrapolation procedures,
we note that the close agreement of the values of 7, ob-
tained by the different methods represented by Figures 2,
3a, 3b, and 4 indicates that the methods are sound and
at least consistent. The extrapolations represented by Fig-
ures 4 and 5 represent also a test of the applicability of
the Faxén wall correction. Obviously, the unrestricted use
of this correction with non-Newtonian fluids is inappropri-
ate. It seems to work relatively better as the ratio of
sphere-to-cylinder diameter (D/D.) becomes very small
where the correction itself becomes unimportant, and it
also seems to work better in those regions of flow where
non-Newtonian effects are small. This latter situation is
generally attained with very small and low density spheres;
the smallness of the spheres will depend on how strongly
shear sensitive the rheological behavior is.

CORRELATION FOR DRAG COEFFICIENT

An attempt was made to correlate the drag coefficients
for flow past a sphere in terms of the Ellis model (19),
which for one-dimensional flow is given by

=/ |1+ (Z)7]

in which 5 and + are the viscosity and the corresponding
value of shear stress, and 7,, 71/5 and « are model param-
eters. Defining a Reynolds number by Nr. = (Dpve/n,),
and a so-called Ellis number by Ng; = (no0:/Dr1/5), one
can show by dimensional reasoning that the drag coeffi-
cient, defined here by

(12)
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1 1
f= F/( Z-‘n'D2 '?pvt)
is given by

_ (N N D)_ 24
f=1\ Nre Ebu,-l—)? = Neta

[1 + Ngig (Nge, Ng, )] (13)

in which the second functional form utilizes the fact that
an Ellis fluid attains Newtonian behavior when Ng; = 0.
It will be noticed that in Equation (13) we use the actual
measured terminal velocities v;, and account for the wall
effect by inclusion of the Faxén correction f4. This type of
procedure fails to account for the interaction of wall and
non-Newtonian effects which obviously exists especially
at higher sphere velocities. The Ellis parameters were ob-
tained by fitting the data from the cone-and-plate viscom-
eter, which gives the dependence of # on  (Figure 6).
However, the parameter v, was taken as the value tabu-
lated in Table 2, column 4, because an arbitrary curve
fitting of the cone-and-plate data to an empirical model,
like the Ellis model, would not ensure that the 7, parame-
ter value is the zero shear viscosity, particularly since the
lowest value of shear stress at which accurate viscometric
data could be obtained with the cone-and-plate viscometer
available for this investigation was about 65 dynes/sq.cm.
With 5, known Equation (12) can be rewritten in the

form
a—1
log (2:_ 1) _ log(;)
n

T1/2

(14)

From a plot of log(n./n — 1) against log (r), the param-
eters 1,5 and « can be obtained from straight lines drawn
through the plots. However, since the Ellis model does
not describe the viscometric data over an unrestricted
range, the straight lines were drawn through the points
in the lowest measured range of shear stresses. The Ellis
parameters obtained by this procedure are given in Table
3, together with the range of shear stresses over which
they apply.

A simple form of the relation for the drag coefficient is

10 P
i 7
| 6
8
4
g o
o 1of
o 10p
€ f ’ s
N
- L
o | 3
(%]
2]
z |
2
10p
. 2
i .
0.2_ i ] I i - A i i i 1 i 1
50 100 150 200 250 300 350

SHEAR STRESS (t),DYNE/CM2

Fig. &. Viscosity-shear stress dependence using the cone-and-plate
viscometer. Solutions are identified in Figure 2.
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TasLe 3. ELLis PARAMETERS FOR HicH POLYMER SOLUTIONS

o 1,2 Range,” Percent deviation

Solution poise dyne/sq.cm. a dyne/sq.cm. Avg. Max.
1 1.0% PEO at 30°C. 8.29 5.04 1.788 87 to 1,000 3.2 10.1

2 1.0% PEO at 20°C. 13.3 48.3 2.566 70 to 175 2.6 8.7

3 1.0% HEC at 30°C. 23.4 88.5 2.079 75 to 230 2.7 9.8

4 1.0% HEC at 20°C. 41.8 131.0 2.627 80 to 392 1.7 74

5 1.25% HEC at 30°C. 63.6 39.2 1.475 65 to 190 2.6 8.9

6 1.25% HEC at 20°C. 113.4 75.3 1.775 100 to 275 3.0 10.0

7 2.0% PEO at 30°C. 210.3 773 2.788 120 to 310 2.5 9.5

8 2.0% PEO at 20°C. 331.3 72.0 2.690 130 to 240 2.3 7.6

® The lower limit of the range represents the lowest value which could be measured accurately on the cone-and-plate instrument used

for this research.

24
f=
NRe fd

in which A, B, C, and N are adjustable constants, and f4
is the Faxén wall correction given in Equation (11). The
quantities Nge = Dpv/9, and Ng, = 5,0¢/Dry;5 are de-
fined in terms of the actual measured terminal velocity v
Usually this is the type of information available from ex-
periments. The correction fq will be only adequate when
non-Newtonian effects are small, that is, Ng; is small.

The constants A, B, C, and N were determined, using
301 experimental falling-sphere data, by linear regression
of the following form of Equation (15):

In {l— ﬁdNRe
24
= InA + Bln Ng, + Cln Ng; + Nln{a — 1) (16)

When the adjusted values of the constants are substituted
into Equation (15), we get the correlation

fo
NRe fd

{1—ANg, Noi(e—1)"}  (15)

{1—0.528 NO112 NOAIT (¢ — 1)057} (17)

The drag coefficients calculated with Equation (17) were
compared with those calculated from the experimental
data with f = [4g(ps — p)D]1/3pv. The two values
agreed within about 4% for Ng; = 0.3, Even though the
value Ng, was larger than 0.3 for 149 out of the 301 data
points, the correlation (17) was obtained with all 301
data, The value Ng; was larger than 0.3 for all steel
spheres and for the ruby spheres for the two least viscous
solutions 1 and 2. Not surprisingly, these were precisely
the data which showed the largest deviation from the
Faxén wall correction. For these data the non-Newtonian
effects are larger and the deviation can be attributed to
the inability of the Faxén correction to account for the
interaction of non-Newtonian and wall effects.

In addition, the Ellis model is only able to describe the
present viscometric data over a rather narrow range of the
measured shear stress. It must be emphasized that in ob-
taining the Ellis parameters, we deliberately chose 7, to
be the same as the value obtained from extrapolation of
the falling-sphere data. The use of other criteria, such as,
for example, obtaining all three Ellis parameters by curve
fitting the cone-and-plate data over the widest possible
measured range of shear, would not necessarily ensure
that the parameter value 7, thus obtained is the zero
shear viscosity. All one can say about such a value is that
it describes the viscometric data over precisely the range
of shear used to obtain the parameters themselves. Obvi-
ous(lff, then, the choice of the parameter 7, in the Ellis
model is arbitrary and it is often, in fact, possible to have
different values of 4, describing the same viscometric data
equally adequately over the same range of shear, the dif-
ferences in 7, values being compensated for by appropri-
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ate adjustment of the remaining model parameters 75,
and «. This is particularly obvious with viscometric data
which are in the power law range, since then the parame-
ter 7, is really redundant. Our choice of 7, as the value
obtained from extrapolation of the falling-sphere data
therefore seems appropriate. Unfortunately, the Ellis
model does not seem to describe the viscometric data for
the eight non-Newtonian solutions under consideration
here over a sufficiently wide range of shear to warrant ex-
tensions of the correlation (17) to higher values of Ng.

SUMMARY AND CONCLUSIONS

The experimental data on which this report is based
were taken with two polymer species, hydroxyethyl cellu-
lose and polyethylene oxide, with two concentrations for
each polymer and with each solution tested at two differ-
ent temperatures. The falling-sphere apparatus used con-
sisted of four sizes of precision ruby spheres ranging in
diameter from 0.025 in. to 1/186 in. and two sizes of pre-
cision steel spheres with diameters of 1/16 and 1/8 in.
The terminal velocity of each sphere was determined in
seven cylinders ranging in diameter from 1.74 to 9.51
cm., and in each case the velocity was determined in two
consecutive sections of the fall distance to ensure attain-
ment of terminal velocity and to assess the possible pres-
ence of a cylinder bottom effect. The range of sphere ve-
locities encountered in this investigation was from 1.92 X
10-2 to 1.57 cm./sec., with 301 different data within this
range, while the range of sphere-to-cylinder diameter ratio
was varied between 0.0067 and 0.182 with thirty-five dif-
ferent values of D/D, within this range.

The following conclusions are made from this investi-
gation:

1. To ensure the detection of a discernible trend be-
tween sphere velocity and cylinder diameter, a wide range
in cylinder diameters must be used. Otherwise, the wall
effect could be obscured by the usual experimental scat-
ter of the data.

2. Corrections for the cylinder top and bottom are un-
necessary provided the section used for velocity deter-
minations is at least a distance of one cylinder radius
from either end of the cylinder for Newtonian fluids (24)
and perhaps, as a safeguard, a slightly larger distance for
non-Newtonian fluids. The use of the Ladenburg (11)
bottom correction, derived for a different geometry, with
spheres falling in cylinders as in reference 30 is incorrect.
Measurement of the fall velocity in consecutive sections
of the fall distance will reveal this possible effect, and is
a check on the attainment of terminal velocity.

3. The Faxén wall correction may not be used unre-
strictedly with non-Newtonian fluids. It seems to work
better in the range of sphere velocities in which non-New-
tonian effects are small and also when the ratio of sphere-
to-cylinder diameter is small.

4. The zero shear viscosities obtained by the three dif-
ferent extrapolation procedures (Figures 2, 3a, 3b, and
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4) are in reasonably good agreement. One of the extrap-
olation procedures (Figures 3a and 3b) is based on the
analytical solution for flow past a sphere, and comparison
of experimental results with the theory indicates that low
enough sphere velocities to estimate m, have been ob-
tained. The extrapolation procedure using a plot of
In %5 vs. (ns0./D), shown in Figure 2, has two rather de-
sirable features. First, it is consistent and straightforward,;
the same procedure is used with all eight non-Newtonian
solutions tested. Second, it permits the use of spheres of
different sizes and densities; here the smallest sphere is
0.0635 cm. ruby (density 3.98 g./cc.) and the largest is
0.3175 cm. steel (density 7.76 g./cc.). This is important
in precluding complete reliance on only the data with a
single set of spheres of the same density. From practical
considerations the ability of the plot to incorporate data
on spheres of different densities permits the use of the
smallest available precision sphere of different materials,
since these are usually easier to obtain than precision
spheres of progressively smaller diameter of the same ma-
terial. It should be mentioned that Williams (30) used a
different extrapolation procedure from the ones presented
here. Aside from the uncertainties introduced by his hav-
ing used a bottom correction unnecessarily and his hav-
ing had to use unrestrictedly the Faxén correction, since
data in only a single cylinder diameter were available to
him, the difference is that he plots In 4," against (34'v:/D),
that is, his quantity for the abscissa is three times the
value used here. Williams justifies his choice of variable
on the grounds that for a Newtonian fluid his (3ys'v:/D)
is the maximum value of the square root of the shear
stress tensor. For some of his solutions, moreover, he found
it necessary to plot In =y’ against (3n5'0;/D)®, where the
exponent x was adjusted so that the plots fell on straight
lines. Obviously, such a procedure, which amounts to a
stretching or contracting of the abscissa, is arbitrary. The
procedures presented in our paper, based on a large vol-
ume of data which account unambiguously for the wall
effect, represent a better and more defensible method for
estimating 7,.

5. The drag coefficient correlation, Equation (17), was
obtained in terms of the Ellis parameters and with the
Faxén wall correction. The parameter n, in the Ellis
model was chosen as the value obtained from extrapola-
tion of falling-sphere data. Apparently the Ellis model
does not seem to do a good job of describing viscometric
data when the parameter 7, is chosen as the zero shear
viscosity. This is not surprising since, as an empiricism,
the model would not be expected to describe the vis-
cometric data over an unlimited range of shear. Because
of this, and also the fact that the Faxén correction itself
becomes inadequate with non-Newtonian fluids at rela-
tively higher sphere velocities, the correlation works over
only the range (»,0:/Dry/2) = 0.3. In addition, the types
of data available do not permit us to account for possible
elastic effects which will also become relatively more im-
portant at higher sphere velocities.
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NOTATION

A, B, C, N = dimensionless constants
D = sphere diameter, cm.
D, = cylinder diameter, em.

Page 1006

AIChE Journal

Ngi = 1o01/Dry;z = Ellis number defined with v

F = —(13— 7D3(ps — p)g = drag force on sphere, dynes -
F, = 6an,Ru, = drag force from Stokes law, dynes
f= F/quZ% pv2 = drag coefficient for sphere

fa = wall correction for Newtonian flow past a sphere
g = gravitational acceleration, cm./sec.?

R = D/2 = sphere radius, cm.

Nge = 2Rvsp/n, = Reynolds number defined with v;

vy = measured sphere velocity uncorrected, cm./sec.
v, = sphere velocity corrected for wall effect, cm./sec.
Greek Letters

a = Ellis model parameter

) = non-Newtonian fluid viscosity, poise

ns = g(ps— p)D?/18v, = apparent Stokes viscosity in
terms of v,, poise

ns = g(ps— p)D?/18v; = apparent Stokes viscosity in
terms of vy, poise

o = zero shear viscosity, poise

P = fluid density, g./cc.

Ps = sl}ihere density, g./cc.

T = shear stress, dyne/sq.cm.

rie = Ellis model parameter, dyne/sq.cm.
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